In this paper, we first present the complete list of the singularity types of the Picard number one Gorenstein log del Pezzo surface and the number of the isomorphism classes with the given singularity type. Then we give out a method to find out all singularity types of Gorenstein log del Pezzo surface. As an application, we present the complete list of the Dynkin type of the Picard number two Gorenstein log del Pezzo surfaces. Finally we present the complete list of the singularity type of the relatively minimal Gorenstein log del Pezzo surface and the number of the isomorphism classes with the given singularity type.
Introduction
Let V be a normal projective surface defined over the complex numbers field C. We say that V is a log del Pezzo surface if V has at worst quotient singularities and if the anticanonical divisor −K V of V is an ample divisor. Then V is Gorenstein, i.e., K V is a Cartier divisor, if and only if V has at worst rational double singularities. We note that a log del Pezzo surface is a rational surface (cf. [GZ] ). The log del Pezzo surface has been studied from the various points of view. A general theory on the structure of such singular surfaces is developed in [M1] , [Z1] and [Z2] . The topological properties of the smooth part of the log del Pezzo surfaces and log Fano varieties are studied in [Fujiki] , [GZ] , [GZ1] , [T1] and [Z3-Z6] .
Let V be a Gorenstein log del Pezzo surface. Denote by V 0 := V − (SingV ) the smooth part of V . Let g : U −→ V be a minimal resolution of singularities, we denote by D := g −1 (SingV ) the exceptional divisor and ♯(D) the number of the irreducible components of D.
In [Fu] , the possible singularities of a Picard number one Gorenstein log del Pezzo surface are classified (see also [Brenton] ).
Question 1.1 Let V be a Picard number one Gorenstein log del Pezzo surface, is V then determined uniquely by its singularities?
In general, V is not determined by its singularities. However, when V 0 is simply connected, this is almost the case. In [GPZ] , [KM] and [MZ1] , they have shown that for a Picard number one Gorenstein log del Pezzo surface V with simply connected smooth part, the singularity type of V is one of the following:
Furthermore, V is uniquely determined by its singularities except in the case of V (E 8 ) where there are exactly two isomorphism classes.
One of our main results is the following: 
All isomorphism classes of any given singularity type are realizable (see the proof ).

Corollary 1.3 Let V be a Picard number one Gorenstein log del Pezzo surface. Then V is determined uniquely up to isomorphisms by the Dynkin type of V , except for
V (E 8 ), V (A 1 + E 7 ), V (A 2 + E 6 ) and V (2D 4 ).
Remark 1.4
There are several results which are related to our Theorem 1.2.
(1) In [Fu] , the possible singularities of V are classified (see also [Brenton] ).
(2) In [MZ1] , a classification of Picard number one Gorenstein log del Pezzo surfaces is given.
In the proof, we need the result about the extremal rational elliptic surfaces which is proved in [MP] but we do not use the classification mentioned in [Brenton] , [Fu] and [MZ1] above.
We also find out the singularity types of the Picard number two Gorenstein log del Pezzo surfaces. 
All the above singularity types are realizable (see the proof ).
The relatively minimal Gorenstein log del Pezzo surface (see Definition 2.1) is introduced in [MZ2] where the Dynkin type of the Picard number two relatively minimal Gorenstein log del Pezzo surface is given but the number of the isomorphism classes with the given singularity is not provided. In this paper, we prove the following theorem.
Theorem 1.6 Let V be a Picard number two relatively minimal Gorenstein log del
Pezzo surface ( = P 1 × P 1 and Σ 1 ). Then V has one of the 10 singularity types in Table 1 
Preliminaries
A. Relatively minimal Gorenstein log del Pezzo surfaces
Let V be a Gorenstein log del Pezzo surface. Let f : U −→ V be a minimal resolution of singularities and let D := f −1 (SingV ). Then there are no (−n)-curves on U with n ≥ 2 except for those (−2)-curves contained in D. The morphism f is the contraction of all (−2)-curves on U.
Let Σ = {F 1 , · · · , F t } be a maximum set of disjoint union of (−1)-curves on U such that the connected component of F j +D containing F i is a linear chain F i +∆ i of F i and n i (n i ≥ 0) (−2)-curves with the dual graph:
(−1) − (−2) − (−2) − · · · − (−2).
Let U −→ U min be the smooth blow-down of all connected components of t i=1 (F i + ∆ i ). Let D ′ be the image on U min of D and let U min −→ V min be the contraction of D ′ . Then we have a commutative diagram:
Here the map V −→ V min contractsF i := f (F i ) to t smooth points and is isomorphism outside ∪F i . Note that ρ(V min ) = ρ(V ) − t. 
Thanks to the virtue of  Lemma 2]), we have the following Lemma.
Lemma 2.3 Let V be a Gorenstein log del Pezzo surface. Then there exists a birational morphism η : V −→ W such that the following assertions hold.
(
1) W is a relatively minimal Gorenstein log del Pezzo surfaces of Picard number one or two.
(2) Let E 1 ,...,E t be all exceptional curves of η. Then w i := η(E i )(1 ≤ i ≤ t) are t distinct smooth points of W for each i. Moreover V consists of the same singular points as on W and additional points x i of the Dynkin type A n i with n i ≥ 1, where 1 ≤ i ≤ t.
B. Mordell-Weil groups of elliptic surfaces (a) Definitions
Let C be a smooth projective curve over an algebraically closed field of characteristic 0, and Y a (Jacobian) elliptic surface over C. By this we mean the following: Y is a smooth projective surface with a relatively minimal elliptic fibration f : Y −→ C such that (i) f has a global section O, and (ii) f is not smooth, i.e., there is at least one singular fibre.
For every (Jacobian) elliptic fibration Y there is a group structure of sections MW (Y ) with the distinguished section O as zero which we call Mordell-Weil group. Up to a finite group, MW (Y ) is identified with the relative automorphism group of the fibration. The basic results on the Mordell-Weil groups are proved in [Sh] .
Due to a formula of Shioda- Tate The extremal elliptic surfaces have been studied from various points of view. In [MP] , the complete classification of extremal rational elliptic surfaces is given. For extremal elliptic K3 surfaces, we refer to [ATZ] , [MP1] , [MP2] , [SZ] and [Ye] .
Definition 2.5
Y is called a Mordell-Weil rank r rational elliptic surface if Y is a rational surface and rank MW (Y ) = r.
In [M] and [P] , the complete classification of the rational elliptic surfaces is given. In [OS] , they describe the complete structure theorem of the Mordell-Weil groups of the rational elliptic surfaces.
The following result is proved in [OS, Corollary 2.3 
and Theorem 2.5].
Theorem 2.6 The Mordell-Weil rank one rational elliptic surface is generated by the section P which is disjoint from the zero-section O with < P, P >≤ 2, where < ·, · > is the height pairing on Mordel-Weil groups which is defined below.
(b) Height Pairing
Let f : Y −→ P 1 be a (relatively minimal) elliptic surface over P 1 with a distinguished section O. The complete list of possible fibres has been given by Kodaira [K1] . It encompasses two infinite families (I n , I * n , n ≥ 0) and six exceptional cases (II, III, IV, II * , III * , IV * ). And they can be considered as sublattices of the Néron-Severi group of Y .
Given an ellipric surface f : Y −→ P 1 , let F ν = f −1 (ν) denote the fibre over ν ∈ P 1 , and let
Sing(f ) = {ν ∈ P 1 |F ν is singular}. R = Red(f ) = {ν ∈ P 1 |F ν is reducible}. For each ν ∈ R, let
where Θ ν,i (0 ≤ i ≤ m ν − 1) are the irreducible components of F ν , m ν being their number, such that Θ ν,0 is the unique component of F ν meeting the zero section.
Lemma 2.7 (cf. [Sh] ) For each ν ∈ P 1 , the intersection matrix
is negative-definite.
Here we denote by K = K(P 1 ) the function field, E(K) = the group of sections of f, and NS(Y ) = the group of divisors on Y modulo algebraic equivalence.
In general, for a rational elliptic surface Y with a section and with at least one singular fibre, there is a unique homomorphism ϕ of E(K) into the Néron-Severi group NS(Y ) ⊗ Q such that ϕ(P ) ≡ (P ) mod T Q and ϕ(P ) ⊥ T where T is the subgroup of NS(Y ) generrated by the zero section O and all the irreducible components of fibres (cf. [Sh, Lemma 8 .1]).
Definition 2.8 The pairing
< P, Q >= −(ϕ(P ) · ϕ(Q))
on the Mordell-Weil group E(K) is called the height pairing, and the lattice
is called the Mordell-Weil Lattice of the elliptic curve E/K or of the elliptic surface f : Y −→ P 1 .
Theorem 2.9 (Explicit formula for the height pairing) [30, Theorem 8.6 ] For any P ,Q ∈ E(K), we have < P, Q >= χ + (P O) + (QO) − (P Q) − ν∈R contr ν (P, Q), < P, P >= 2χ + 2(P O) − ν∈R contr ν (P ).
Remark 2.10 Here χ = χ(O S ), and (P O) is the intersection number of the sections (P ) and (O), and similarly for (QO), (P Q) . The term contr ν (P, Q) stands for the local contribution at ν ∈ R, which is defined as follows: suppose that (P ) interests Θ ν,i and (Q) intersects Θ ν,j . Then we let
otherwise.
where the first one means the (i, j)-entry of the matrix (−A −1 ν ). Further we set contr ν (P ) = contr ν (P, P ).
Arrange Θ i = Θ ν,i (i = 0, 1, · · · , m ν −1) so that the simple components are numbered as in the figure below.
For the other types of reducible fibres, the numbering is irrelevant. Assume that (P ) intersects Θ ν,i and (Q) intersect Θ ν,j with i > 1,j > 1. Then we have the following Table 2 .1: the fourth row is for the case i < j (interchange P , Q if necessary). 
where O is the structure sheaf of C, L a line bundle on C with degL = p g − q + 1, g 2 ∈ H 0 (C, O(4L)) and g 3 ∈ H 0 (C, O(6L)) are the sections with ∆ = g 3 2 − 27g 2 3 ≡ 0. Theorem 2.11 (cf. [Kas] .
For the value of v p (g 2 ), v p (g 3 ) and v p (∆) of the singular fibre, we refer to [Her] .
D. Classification of elliptic surfaces with at most 4 singular fibers
In [Hir] , U.Schmickler-Hirzebruch classifies all relatively minimal elliptic fibrations Y over the complex projective line P 1 which have at most three singular fibers. There are 36 possible combinations of singular fibers (each of the 36 potential representations yields different fiber types). Furthermore, U.Schmickler-Hirzebruch exhibits each of the 36 combinations of singular fibers on an elliptic surface of the desired type and shows that except for the trivial case (I 0 , I 0 , I 0 ) and the case (I * 0 , I * 0 ), the surface is determined by the singular fiber types. On the other hand, except for the trivial case, those surfaces corresponding to rational or K3 surfaces. There are exactly eleven elliptic K3 surfaces with 3 singular fibers (cf. [SZ] , [Ye] ). Thus we get the following theorem.
Theorem 2.12 Let Y be a rational elliptic surface with at least one and at most three singular fibers. Then except for singular fiber type (I * 0 , I * 0 ), the surface is unique up to isomorphisms.
In [Her], S.Herfurtner studies the elliptic surfaces with four singular fibers and nonconstant J -invariant over P 1 . He also distinguish two sets: 
(2) Considering the similar exact sequence as in (1) and the equality
Here ω L is the dualizing sheaf and we have applied Serre duality for L. From this precise formula for h 0 (Y, L) and the similar discussion as in (1), we see that Bs|L| = ∅ if L 2 ≥ 2. For the last assertion, see [DZ] .
Reduction to the Rational Elliptic Surfaces
Before starting the results, we explain our terminology.
(a) Let V be a projective, normal surface with only rational double points as singularities. As usual, ratinal double points are indicated by their Dynkin types A n , D n , E 6 , E 7 and E 8 . When we say V a surface of type 2A 1 + D 6 for example, it means that V has 3 singular points, one of which is of type D 6 and the other two are of type A 1 . We indicate this by writing V (2A 1 + D 6 ).
(b) For a log del Pezzo surface V (2A 1 +D 6 ) for example, we denote by U(2A 1 +D 6 ) the minimal resolution of V (2A 1 + D 6 ).
For readers' convenience, we give a short proof of a result in [5] using KawamataViehweg Vanishing Theorem which was not available at that time.
Lemma 3.1 Let U be the minimal resolution of a Gorenstein log del Pezzo surface V . Then | − K U | has a reduced irreducible member.
Proof. Note that K U is the pull back of K V and K 2 U = K 2 V (cf. [1, 2] ). Since −K U , being the pull back of −K V , is nef and big, by the Kawamata-Viehweg Vanishing theorem, we have H 1 (U, −K U ) = (0) (cf. [KMM] ). Hence by the Riemann-Roch theorem, we get dim
, we deduce that A 0 = A with p a (A 0 ) = 1 and Lemma 3.1 is true.
Thus we may assume that every member of | − K U | is a union of smooth rational curves. The Stein factorization and the fact that q(U) = 0 imply that a general member of | − K U | is of the form M 1 + · · · + M k + F , where F is the fixed part of the linear system, M i ∼ = P 1 , and M i ∼ M j . Now suppose that K 2 U = 1. If F = 0, then k = 1 and M 2 1 = 1 and Lemma 3.1 is true. Since −K U is nef and big, it is 1-connected by a result of C.P.Ramanujam (cf. [Reid] ).
.F = 1 and K U .F = 0. Now intersecting the relation −K U ∼ M 1 + F with the smooth rational curve M 1 of self-intersection 0, one gets a contraction. So Lemma 3.1 is true when
then −K U 1 is linearly equivalent to the proper transform of M 1 + · · · + M k + F and hence nef and big. If U 1 −→ V 1 is the contraction of all (−2)-curves then V 1 is a Gorenstein log del Pezzo surface. For U 1 , we may argue as in the case of U and have reduced the proof of Lemma 3.1 to the case K 2 U = 1, which has been dealt with in the previous paragraph. This completes the proof of Lemma 3.1. 
Proof. From Lemma 3.1, we may choose an irreducible member of | − K U |, say A and let E d be a (−1)-curve on U. Such a (−1)-curve exists because K 2 V ≤ 7. Then A meets E d at a point q. We may choose A general such that E d is the only (−1)-curve through q. Let U d−1 −→ U be the blow-up of q with E d−1 the except curve. Then
is nef and big. And the curves having 0 intersection with A d−1 are precisely the inverse image of the (−2)-curves on U (contractible to singular points on V ) and the proper transform E Proof. Since K U is the pull back of K V , we have K
and ♯(D) = 8. By Lemma 2.14, we know Bs| − K U | = {p}.
Let f : Y −→ U be the blow-up at p, then with Lemma 2.14, we have (1) Y is a rational surface. Thus Y is an extremal rational elliptic surface. This proves the lemma.
Combining Lemmas 3.2 and 3.3, we get the following Theorem 3.4. We may generalize the above Theorem 3.4 to the Picard number r (r ≥ 2) Gorenstein log del Pezzo surfaces. The definition of the Mordell-Weil rank r rational elliptic surface is given in the Secition 2.
Proof. For simplicity, we only prove Theorem 3.5 for r = 2. The general case can be proved in the similar way.
We let U −→ V be the minimal resolution of a Picard number two Gorenstein log del Pezzo surface V with D the exceptional divisor and d := K 2 V ≥ 2. From Lemma 3.1, we know that | − K U | has a reduced irreducible member.
Since 10
Thus we may choose an irreducible member of | − K U | say A and let E d be a (−1)-curve on U. Such a (−1)-curve exists because K 2 V ≤ 7. Then A meets E d at a point q.
Since K 2 U ≥ 2, we know | − K U | is base point free by Lemma 2.14. Furthermore since the smooth reduced irreducible member of | − K U | is dense in | − K U | and since there exists only finitely many (−1)-curves on U (cf. the proof of [6, Lemma 13]), we get the following Claim.
Claim 3.6 We may choose A ∈ | − K U | such that there doesn't exist another (−1) curve passing through the point q.
Let U d−1 be the blow-up of q with E d−1 the exceptional curve and E ′ d the proper transform of E d . Then by the similar discussion as Lemma 3.2, we know that U d−1 is the minimal resolution of a Gorenstein log del Pezzo surface
Proof of the Claim. It is clearly that ρ(V ′ ) ≤ 2. Thus to prove the Claim, we need to show that ρ(V ′ ) = 1. Suppose ρ(V ′ ) = 1. Then from the above construction, we know that there must exist a curve C on U such that C 2 ≥ 0 and mult p C ≥ 2 and the proper transform
Clearly we may do the same operation (blow-up) on U d−1 as before and finally get an rational elliptic surface Y . Since C ′ and E ′ d are already (−2)-curves we will keep the same symbols in Y and let E ′ be the proper transform of E d−1 . To prove the Claim, we need to consider two cases.
1. E ′ is an (−1)-curve. In this case and from the elliptic fibration of Y , we see that C
′ and E ′ d will be in two different elliptic fibers and E ′ is a section of Y which is a contradiction since
′ and C ′ will be in one elliptic fiber. We also get a contracdiction since C ′ .E ′ ≥ 2 and we can't find an elliptic fiber contains C ′ and E ′ . Thus we prove the Claim. We note that the above proof can easily be generalized to prove the general case.
Continue this process. Since K
U , this process must stop at the (d − 1)-th step. Thus, we obtain a surface U 1 which is the minimal resolution of the Picard number two Gorenstein log del Pezzo surface V 1 with K 2 V 1 = 1. On U 1 we can not do the above process again. But since K 2 U 1 = 1, | − K U 1 | has exactly one base point q by Lemma 2.14. Blowing up q will give rise to a Mordell-Weil rank one rational elliptic surface Y as in Lemma 3.3. Thus Theorem 3.5 is proved.
Remark 3.8 From Theorems 3.4 and 3.5, together with [OS] and [P] , we may classify all singularity types of the Gorenstein log del Pezzo surfaces. 
The converse is also true.
Proof. We fix a nonsingular member A ∈ | −K U |, the existence of which is proven in [D] . We also let
Since −K U is nef and big, so is −K U ′ . To vertify (1), we have only to show that −K V ′ is ample. In other words, for every curve C on U ′ with (−K U ′ , C) = 0, we must show that C ≤ D ′ . Since −K U ′ is nef and big, by Hodge Index Theorem, we get C 2 < 0. On the other hand,
Thus we have p a (C) = 0 and so
Thus the first part in the assertion (2) follows from the relations
. The converse part is clear from the above discussion.
We will call a (−1)-curve which satisfies the part (2) of Lemma 3.10 a Nice Exceptional Curve or simply an NEC.
Complete Classification of the Picard number one Gorenstein log del Pezzo Surfaces
We shall prove Theorem 1.2 in the present section.
Let V be a Picard number one Gorenstein log del Pezzo surfaces and g : U −→ V a minimal resolution of singularities. Then
, then V is smooth and isomorphic to P 2 .
(ii) If K 2 U = 8, then U is the Hirzebruch surface Σ 2 and V is obtained by contracting the (−2)-curve to an A 1 -singularity. In this case V is isomorphic to the quadric cone
Proof. Assume the contrary, i.e., K 2 U = 7. In this case U is obtained from a Hirzebruch surface Σ n by one blow-up with E the exceptional curve. Let S be a curve on Σ n with self-intersection −n and L a fibre of the P 1 -fibration on Σ n . We may assume that the blow-up point p ∈ L. We have
Again there is a (−2)-curve different from S. Thus we get a contradiction as above. This completes the proof of the lemma.
In the rest of this section, we assume 1 ≤ K 2 V ≤ 6. We start with K 2 V = 1. From Lemma 3.3, we know that if U is the minimal resolution of a Picard number one Gorenstein log del Pezzo surface V , then every NEC on U comes from either the (−1)-curve on an extremal rational elliptic surface Y or the (−2)-curve which intersects with the exceptional curve of the blow-down Y −→ U. The (−1)-curves on Y are the sections of the elliptic fibration and form the Mordell-Weil group of the elliptic fibration Y −→ P 1 . From [MP] , we get a complete list of the extremal rational elliptic surfaces Y which are listed in Table 4 .1. For convenience, we label the surfaces. By contracting the zero section O in MW (Y ), we get a surface U which is the minimal resolution of a Picard number one Gorenstein log del Pezzo surface V with K 2 V = 1. By a surface U i j , we mean that it is the blow-down of some (−1)-curves from the No.i extremal rational elliptic surface and K 2 = j. We let n be the number of the NEC on U 1 . 
By blowing down an NEC on U 1 which is listed in Table 4 .3, we get a surface U 2 which is the minimal resolution of a Picard number one Gorenstein log del Pezzo surface V 2 . They are listed in the following table where we let n be number of the NECs on U 2 . Figure 2) . The section E 1 defines an automorphism g of Y such that g(E 0 ) = E 1 , g(E 1 ) = E 2 and g(E 2 ) = E 0 . For simplicity, we denote by bd i the blow-down of the E i (i = 0, 1, 2). Then
Proof. For simplicity, we let
By the construction of U 2 , U ′ 2 , there is a unique (−1)-curve E 2 on U 2 . To prove
, we only need to show that | − K U 2 | has a cuspidal member A which is the image of the type II fiber and also a nodal member
|) has a cuspidal (resp. nodal) member, whence
We let Y (resp. Y ′ ) be the extremal rational elliptic surface with singular fiber type II * , II (resp. II * ,I 1 ,I 1 ). There is a composition Y −→ P 2 (resp. Y ′ −→ P 2 ) of blow-down of the section E and all components in the type II * fiber except for a multiplicity-3 component C ′ 3 . Clearly the above birational morphism Y −→ P 2 factors as Y −→ U 2 −→ P 2 , where Y −→ U 2 is the blow-down of E and the multiplicity-1 component C 1 of II * . Thus the existence of A, A ′ on U 2 is equivalent to the existence of a cuspidal cubic B (the image of the type II fibre) and a nodal cubic B ′ on P 2 with a common inflex (the image of the multiplicity-3 component C Figure 4) . D 6 ) and there is a smooth rational curve L and L 2 = 0 such that L ∩ E 2 = {p}. On the other hand, by Lemma 2.14, we know that |L| is base point free and defines a P 1 -fibration. We choose a general member L 1 of |L|, and let {q} = L 1 ∩ E 2 . It is easy to see that U
On the other hand, blowing up at point r in U 6 2 (A 1 + D 6 ) will produce U 8 1 (D 8 ), and there is unique way from U 8 1 (D 8 
By the similar argument as (1), we may prove (2), (4). 
This proves the Claim. 
Furthermore, V is uniquely determined by its singularity type.
Next we deal with
By blowing down an NEC on U 2 which is listed in Table 4 .4, we get a surface U 3 which is the minimal resolution of a Picard number one Gorenstein log del Pezzo surface V 3 . They are listed in the following table where we let n be the number of the NEC on U 3 . Table 4 .4 Figure 1) . The section E 1 define an automorphism g of Y which interchanges E 0 and E 1 . And this g will induce an automorphism of U which interchanges E ′ i (i = 0, 1). Thus blowing down E 0 or E 1 will produce the same surface.
(ii) By the similar argument as in Claim 4.5, we have Figure 1 ).
Thus we have the following lemma:
Lemma 4.8 Let V be the Picard number one Gorenstein log del Pezzo surface with K 2 V = 3. Then the singularity type of V is one of the following:
V is uniquely determined by its singularity type.
Finally we deal with 4 ≤ K 2 V ≤ 6.
By blowing down an NEC on U 3 which is listed in Table 4 .5, we get a surface U 4 which is the minimal resolution of a Picard number one Gorenstein log del Pezzo surface V 4 . 
Lemma 4.9 Let V be the Picard number one Gorenstein log del Pezzo surface with K 2 V = 4. Then the singularity type of V is one of the following:
By blowing down the unique NEC on U 1 4 (D 5 ), we get U 1 5 (A 4 ) and so the Picard number one Gorenstein log del Pezzo surface V (A 4 ). Then blowing down the unique NEC on U 1 5 (A 4 ), we get U(A 1 + A 2 ) with ♯{NEC on U(A 1 + A 2 )} = 0, and so the Picard number one Gorenstein log del Pezzo surface V (A 1 + A 2 ).
Combining Lemmas 4.2, 4.6, 4.8, 4.9 and the above discussion, we prove Theorem 1.2.
Complete classification of the Picard number two relatively minimal Gorenstein log del Pezzo Surfaces
We shall prove Theorems 1.5 and 1.6 in the present section.
Let V be a Picard number two Gorenstein log del Pezzo surface and g : U −→ V a minimal resolution of singularities. We also denote by D := g −1 (SingV ) the exceptional divisor.
We start with K 2 V = 1. From Theorem 3.5,we know that any rational surface U which is the minimal resolution of a Picard number two Gorenstein log del Pezzo surface V with K From [M] , [OS] and [P] , we get a complete list of the Mordell-Weil rank one rational elliptic surfaces Y and its Mordell-Weil group. By contracting the zero section O in MW (Y ), we get a surface U 1 which is the minimal resolution of a Picard number two Gorenstein log del Pezzo surfaces V with K 2 V = 1. For convenience, we label the surfaces which are listed in Table 1 of Appendix. By a surface U i j , we mean that it is the smooth blow-down of some (−1)-curves from the No.i Mordell-Weil rank one rational elliptic surface and K 2 = j. Thus we get the following lemma.
Lemma 5.1 Let V be the Picard number two Gorenstein log del Pezzo surface with K 2 V = 1. Then there exist 18 singularity types which are listed in Table 5 .1. Table 5 .1
In order to find out the list of all Picard number two relatively minimal Gorenstein log del Pezzo surfaces, we need to exclude the surfaces on which there is a (−1)-curve E and a connected component R of D (R may be zero) such that E + R is a linear chain and E + R is a connected component of E + D (cf. (1) U 12 1 (2A 3 + A 1 ). The Mordell-Weil group of the No.12 Mordell-Weil rank one rational elliptic surface Y (with fibre type 2I 4 , I 2 , 2I 1 ) is A * 1 ⊕Z/4Z where A * 1 is the rank one lattice generated by an element e such that < e, e >= 1/2. We let P be the generator of the lattice A * 1
and Q the generator of the torsion part of the Mordell-Weil group,i.e., Z/4Z. A direct calculation shows that there is one element in the set {P 2 , P 2 + Q, P 2 + 2Q, P 2 + 3Q} where P 2 := 2P , say P 2 , passing through the 0-th components of the singular fibres 2I 4 , I 2 and (
is not the minimal resolution of a Picard number two relatively minimal Gorenstein log del Pezzo surface.
To start with, we let P be the generator of the rank 1 lattice < 1/6 >. Firstly we need to find out all the (−1)-curves on U 24 1 (3A 2 + A 1 ). Since we blow down the zero section O on the No.24 Mordell-Weil rank one rational elliptic surface with the fibre type (3I 3 , I 2 , I 1 ), the section P m := mP (m ∈ Z) which intersects O will not be a (−1)-curves on U 
2 ≤ 12 and |m| ≤ 3. Conversely, a simple calculation shows that (P 3 O) = 0 and P 3 only passes through the 1-st component of I 2 . Thus P 3 + A 1 will form a linear chain required.
By a similar discussion as in Lemma 4.2, we know there is a one to one correspondence between No.i Mordell-Weil rank one rational elliptic surfaces and U i 1 , where 1 ≤ i ≤ 6. Thus finding the number of the isomorphism classes of the relatively minimal Dynkin type on K 2 V = 1 is equivalent to finding the number of the isomorphism classes of the rational elliptic surfaces with the corresponding singular fibre type.
Remark 5.4 (1) From [Hir] Proof. To see the uniqueness of S, we need to calculate the polynomial g 2 , g 3 and ∆ in the homogeneous coordinates (X, Y ) of P 1 where g 2 , g 3 are the sections which determine the Weierstrass model of S (cf. Theorem 2.11). For simplicity, we let G 2 = g 2 and
The orders ν p of zeros for the fibre type (I 4 , I 2 , I 2 , I 2 , I 2 ) (cf.
[Her]) have to be:
It follows from Table 5 .2 that G 2 , G 3 and∆ are relatively prime. We let
It is easy to see that H 1 , H 2 ∈ H 0 (P 1 , O(2L)) and they are relatively prime. Thus
and
This proves the lemma.
Thus we get the following lemma (cf. the proof of Lemma 3.3): 
Next we deal with K 2 V = 2. By blowing down an NEC on U 1 , we get a surface U 2 which is the minimal resolution of the Picard number two Gorenstein log del Pezzo surface V with K 2 V = 2.
Theorem 5.7 Let V be the Picard number two Gorenstein log del Pezzo surface with
(1) There exist 12 singularity types which are listed in the following: 
The singularity types and the relatively minimal singularity types can be found by a direct calculation together with the definition of the relatively minimal surfaces (cf. Definition 2.1). For the details, we refer to Table 3 of Appendix.
Now we shall deal with the number of isomorphism classes with the given relatively minimal singularity type separately. Firstly, we prove the following lemma.
Lemma 5.8 The number of the isomorphism classes of the Picard number two Gorenstein log del Pezzo surface with the singularity type D 6 is infinity.
Proof. We let U be the minimal resolution of V . By Table 3 of Appendix, there are four possibilities for U: start from No.1 (2, 7 or 8) Mordell-Weil rank one rational elliptic surface. Since each of these surfaces has at least one type I 1 fibre, we have Claim 5.9 There exists a reduced irreducible nodal member
From the configuration of the negative curves in U which is listed below, we know there are three (−1)-curves: l 1 , l 2 and l 3 . 
Claim 5.10 There exists an automorphism on U which interchanges l 1 and l 2 .
Proof of the claim. Let W −→ U be the blow up of p = A∩l 3 . It is easy to see that W is a surface which is the minimal resolution of the Picard number two Gorenstein log del Pezzo surface with the singularity type E 7 . Thus W is either U 7 1 (E 7 ) or U 8 1 (E 7 ) and the proper transform of l i (i=1,2) intersects the 1st component of E 7 . From Table 2 of Appendix, we know that l i (i=1,2) comes from the Mordell-Weil section P 1 or P −1 of the No.7 or 8 Mordell-Weil rank one rational elliptic surface where P 1 is the generator of the rank one Mordell-Weil lattice A Let U −→ P 2 be the composition of blowing down of 
From the above construction and Claim 5.10, we know that U is uniquely determined by a pair M = (S, C, p) where S = P 2 , C is a nodal cubic curve on S and p is a point of C which is neither a singular point of C nor an inflex of C. An automorphism of U will induce an isomorphism on M = (S, C, p) by making use of Claim 5.10 if necessary. In order to prove the lemma, we have only to show that there exist infinitly many isomorphism classes of such pairs.
Before stating the next result, we employ the following notation. S = P 2 with coordinates X,Y and Z.
Proof of the claim. Clearly, Φ is linear map. We set: From the above equalities, we may set a 33 = 1, a 11 = 1 − a 31 , a 13 = a 23 = a 21 = 0.
For simplicity, we denote a 12 = a, a 22 = b, a 32 = c and a 11 = d. Thus we have
Substituting above equalities to
(2) is hold for all [X :
From (2) + (3), we may get
So for all [X :
Since we can take Z = 1 and arbitrarily many X, we get
By (2) − (3), we get
Since above equality holds for all [X :
Then we know C is included in the closure of the zero set of g. On the other hand, C is an irreducible cubic. Thus we know g = 0 and so
By (6), we have a = 0 or d = 0. But detA = 0, we see that a and d can't both equal to 0. If d = 0, then by (4) and (7), we get a = 0, a contradiction. Thus a = 0. Then by (5) and detA = 0 which implies b = 0, we have d = 1 and so by (4), b = ±1. This proves the claim.
Let M = (S, C, p 1 ) and M 1 = (S, C, p 2 ) where S and C are defined above and
From the above claim, we see that
Moving p ∈ C, we may get infinitely many non-isomorphism classes of the pair (S, C, p) and so the infinite many non-ismorphism classes of U. This proves the lemma.
Next we consider the singularity type 6A 1 .
From Tables 1 and 2 in the Appedenix, we find that blowing up a point on Q 1 or Q 2 will give rise to the surface U 1 which is the minimal resolution of a Picard number two log del Pezzo surface with singularity type A 3 + 4A 1 . By Lemma 5.6, we know U 1 = U 3 1 (A 3 + 4A 1 ). On the other hand, there is a unique way to blow down an NEC on U 3 1 (A 3 + 4A 1 ) to U 3 2 (6A 1 ), modular an automorphism switching the two NECs (as in Claim 5.10). Thus the uniqueness of the surface with the singularity type 6A 1 is due to the uniqueness of the Picard number two log del Pezzo surface with the singularity type A 3 + 4A 1 . We may do the same operation as above to get a surface which is the minimal resolution of the Picard number two Gorenstein log del Pezzo surface V with K 2 V ≥ 3. For details, we refer to the 
Remark 5. 
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Figure 5.5
Let σ 1 : U −→ W be the contraction of l 1 and l 2 and σ 2 : W −→ P 1 × P 1 the contraction of E 1 and E 2 . By changing the coordinates of P 1 × P 1 , we may assume σ 2 • σ 1 (E 1 ) = p 1 = (∞, ∞) and σ 2 • σ 1 (E 2 ) = p 2 = (0, 0). There is unique way from (P 1 × P 1 , p 1 , p 2 ) to U. Thus we prove the lemma.
Lemma 5.15 The Picard number two relatively minimal Gorenstein log del Pezzo surface with the singularity type D 4 is unique.
Proof. From Figure 6 in Appendix, we know that there is unique way from the surface U (D 5 ) which is the minimal resolution of the Picard number two Gorenstein log del Pezzo surface with the singularity type D 5 ) be the blow up at the point p (see Figure 6 of Appendix). Then U(A 1 + D 6 ) is the minimal resolution of a Picard number one Gorenstein log del Pezzo surface with the singularity type A 1 + D 6 . On the other hand, U(A 1 + D 6 ) is unique by Lemma 4.6 and there is a unique way from U(A 1 + D 6 ) to U (D 5 ). Thus we know U (D 5 ) is unique up to isomorphisms. This proves the lemma.
Combining Lemma 5.1, Theorem 5.7 and Lemma 5.12, we prove Theorem 1.5.
Combining Lemmas 5.6, Theorem 5.7, Lemmas 5.14 and 5.15, we prove Theorem 1.6.
Appendix. List of Configurations and Tables
Configurations which is used in the proof of Theorem 1.2
In the following configurations, we exclude the fibres of type I 1 or II which does not contribute to the calculation of the Mordell-Weil group of the corresponding fibration [Sh] . For simplicity, we only list the (−1)-curves which will be used in the proof of Theorem 1.2. 
Figure 4
Configurations of the Singularity types (a) The Picard number one Gorenstein log del Pezzo surfaces.
The following configurations are the figures of the negative curves on U which is the minimal resolution of the Picard number one Gorenstein log del Pezzo surface and 2 ≤ K Figure 5 (b) The Picard number two Gorenstein log del Pezzo surface.
The following configurations are the figures of the negative curves on U which is the minimal resolution of the Picard number two Gorenstein log del Pezzo surface and K (D) is the blow-down of the zero section O and U 1 (D) −→ V is the minimal resolution of the singularities of V with D the exceptional divisor; this map is nothing but the contraction of all (−2)-curves. The symble m stands for a rank one lattice ZP with the generator P such that P, P = m. We also denote P n := nP where n ∈ Z. The A * 1 indicates the lattice generated by the element P such that < P, P >= 1/2. In the last column, E is a (−1)-curve and R is a connected component of D such that E + R is a linear chain on U 1 (D) . We can't find such a linear chain for the first 6 cases. In the following table, we employ the following notation and convention:
We let G i , H i , J i , L i and M i be the i-th component in the corresponding fibres F 1 , F 2 , F 3 F 4 and F 5 respectively. The numbering of the singular fibre is defined in the following diagrams. For the three types of singular fibres, the 0-th component in a fibre intersects the zero section. For the other types, the numbering is natural. The components of the singular fibre are numbered as in [Ye] . For a lattice L =< m > ⊕Z/kZ, we let P 1 to be the generator of < m > and P n = nP 1 where n ∈ Z. If Q ∈ Z/kZ, i.e., the torsion part of L, then we denote P n,Q = P n + Q. (R 1 R 2 ) is the intersection number of the sections R 1 and R 2 .
♯ Fibre type Sections disjoint from NECs sections which intersects
G 0 (G 0 P ±1 ) = 1 Q 3 = (3, 1, 0, 1), P ±1 = (0, 1, 1, 1) (G 0 P ±2 ) = 1 P ±1,Q 1 = (1, 0, 0, 1), P ±1,Q 2 = (2, 1, 0, 0) P ±1,Q 3 = (3, 0, 1, 0), P ±2 = (0, 0, 0, 0) 18 IV * , III, I 1 P 1 = (1, 1), P 2 = (2, 0) P ±2 (P ±3 P ∓1 ) = 1 19 IV * , I 2 , II P ±3 = (0, 1), P −1 = (2, 1) P ±3 (P 2 P −2 ) = 1 20 IV * , I 2 , 2I 1 P −2 = (1, 0) G 0 (P ±3 P ∓2 ) = 2 (P 3 P −3 ) = 2 (G 0 P ±3 ) = 1 21 I 4 , I 3 , III, I 2 Q = (2, 0, 1, 1), P 1 = (1, 1, 1, 0) P ±4 (P ±4 P ∓1 ) = 1 22 I 4 , I 3 , 2I 2 , I 1 P 1,Q = (3, 1, 0, 1), P 2 = (2, 2, 0, 0) (P ±4 P ∓1,Q ) = 1 P 2,Q = (0, 2, 1, 1), P 3 = (3, 0, 1, 0) (P ±4 P ∓2 ) = 1 P 3,Q = (1, 0, 0, 1), P 4 = (0, 1, 0, 0) (P ±4 P ∓2,Q ) = 1 P −1 = (1, 2, 0, 1), P −1,Q = (3, 2, 1, 0) (P ±4 P ∓3 ) = 2 P −2 = (2, 1, 0, 0), P −2,Q = (0, 1, 1, 1) (P ±4 P ∓3,Q ) = 2 P −3 = (3, 0, 0, 1), P −3,Q = (1, 0, 1, 0) (P 4 P −4 ) = 2 P −4 = (0, 2, 0, 0) IV, 2I 3 , I 2 Q 1 = (1, 1, 1, 0), Q 2 = (2, 2, 2, 0) P ±3 (P ±3 P ∓1 ) = 1 24 3I 3 , I 2 , I 1 P 1 = (1, 2, 0, 1), P 1,Q 1 = (2, 0, 1, 1) (P ±3 P ∓1,Q 1 ) = 1 P 1,Q 2 = (0, 1, 2, 1), P 2 = (1, 0, 2, 0) (P ±3 P ∓1,Q 2 ) = 1 P 2,Q 1 = (2, 1, 0, 0), P 2,Q 2 = (0, 2, 1, 0) (P ±3 P ∓2 ) = 2 P −1 = (1, 0, 2, 1), P −1,Q 1 = (2, 1, 0, 1) (P ±3 P ∓2,Q 1 ) = 2 P −1,Q 2 = (0, 2, 1, 1), P −2 = (1, 2, 0, 0) (P ±3 P ∓2,Q 2 ) = 2 P −2,Q 1 = (2, 0, 1, 0), P −2,Q 2 = (0, 1, 2, 0) (P 3 P −3 ) = 2 P ±3 = (0, 0, 0, 1) 25 I 7 , III, 2I 1 P 1 = (2, 1), P 2 = (4, 0) P ±2 (P ±3 P ∓2 ) = 1 26 I 7 , I 2 , II, I 1 P 3 = (6, 1), P 4 = (1, 0) P ±4 (P ±4 P ∓1 ) = 1 27 I 7 , I 2 , 3I 1 P −1 = (5, 1), P −2 = (3, 0) (P ±4 P ∓2 ) = 1 P −3 = (1, 1), P −4 = (6, 0) (P ±4 P ∓3 ) = 1 (P 4 P −4 ) = 2 28 I * 1 , IV, I 1 P 1 = (2, 1), P 2 = (1, 2) P ±3 (P ±3 P ∓2 ) = 1 29 I * 1 , I 3 , II P 3 = (3, 0), P 4 = (0, 1) P ±4 (P ±4 P ∓2 ) = 1 30 I * 1 , I 3 , 2I 1 P −1 = (3, 2), P −2 = (1, 1) G 0 (P ±4 P ∓3 ) = 2 P −3 = (2, 0), P −4 = (0, 2) (P −4 P 4 ) = 2 (P −3 P 3 ) = 1 (G 0 P ±4 ) = 1 31 I 6 , III, I 2 , I 1 Q = (3, 1, 0), P 1 = (2, 0, 1) P ±2 (P ±3 P ∓1 ) = 1 32 I 6 , 2I 2 , 2I 1 P 1,Q = (5, 1, 1), P 2 = (4, 0, 0) P ±3 (P 2 P −2 ) = 1 P 2,Q = (1, 1, 0), P ±3 = (0, 0, 1) (P ±2 P ∓2,Q ) = 1 P −1 = (4, 0, 1), P −1 + Q = (1, 1, 1) (P ±3 P ∓2 ) = 2 P −2 = (2, 0, 0), P −2 + Q = (5, 1, 0) (P ±3 P ∓2,Q ) = 2 (P 3 P −3 ) = 2 33 I 5 , I 4 , II, I 1 P 1 = (2, 1), P 2 = (4, 2) P ±4 (P ±4 P ∓3 ) = 1 34 I 5 , I 4 , 3I 1 P 3 = (1, 3), P 4 = (3, 0) P ±5 (P ±5 P ∓3 ) = 1 P 5 = (0, 1), P −1 = (3, 3) (P 4 P −4 ) = 1 P −2 = (1, 2), P −3 = (4, 1) (P ±5 P ∓4 ) = 2 P −4 = (2, 0), P −5 = (0, 3) (P 5 P −5 ) = 2 35 I 5 , IV, I 2 , I 1 P 1 = (1, 1, 1), P 2 = (2, 2, 0) P ±6 (P ±6 P ∓1 ) = 1 36 I 5 , I 3 , III, I 1 P 3 = (3, 0, 1), P 4 = (4, 1, 0) (P ±6 P ∓2 ) = 1 37 I 5 , I 3 , I 2 , II P 5 = (0, 2, 1), P 6 = (1, 0, 0) (P ±6 P ∓3 ) = 1 38 I 5 , I 3 , I 2 , 2I 1 P −1 = (4, 2, 1), P −2 = (3, 1, 0) (P ±6 P ∓4 ) = 1 P −3 = (2, 0, 1), P −4 = (1, 2, 0) (P ±6 P ∓5 ) = 2 P −5 = (0, 1, 1), P −6 = (4, 0, 0) (P 6 P −6 ) = 2 and the same configuration of the negative curves on the surface; thus we may only choose one surface, i.e., the No.1 Mordell-Weil rank one rational elliptic surface. In the last column of the table, the number m in " Exceptional divisor of U 1 −→ U m " is the largest number m such that U m is the minimal resolution of the singularities of the Picard number two Gorenstein log del Pezzo surface. For the notation of P i , G j , H k and Q, we refer to the Table 2 of Appendix. The suffix n of U n singifies that K 2 Un = n.
Let's give an example, say, the type D 7 , to explain how to read this table. There are five NECs on U 1 (D 7 ): P ±1 , P ±2 and G 0 (cf. Table 2 of Appendix). Thus there are five possibilities to do operation (blowing down) on U 1 (D 7 ). But by the symmetry, we only need to blow down one of the three NECs: P 1 , P 2 or G 0 . Thus blowing down P 1 (resp. P 2 , or G 0 ) of U 1 (D 7 ) will give rise to U 2 (A 6 ) (resp. U 2 (D 6 ) and U 2 (A 1 + D 5 )) and the first component of "Exceptional divisor of U 1 to U m " in the last column is P 1 (resp. P 2 , or G 0 ). When we reach U 2 (A 6 ), we may do the similiar operation as on U 1 (D 7 ) and get U 3 (A 5 ) and U 3 (A 4 + A 1 ).
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